Collective dynamics of Fermi-Bose mixtures with an oscillating scattering length by Abdullaev, F. Kh et al.
 
 
General rights 
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright 
owners and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights. 
 
 Users may download and print one copy of any publication from the public portal for the purpose of private study or research. 
 You may not further distribute the material or use it for any profit-making activity or commercial gain 
 You may freely distribute the URL identifying the publication in the public portal 
 
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately 
and investigate your claim. 
  
 
   
 
 
Downloaded from orbit.dtu.dk on: Apr 23, 2019
Collective dynamics of Fermi-Bose mixtures with an oscillating scattering length
Abdullaev, F. Kh; Ögren, M.; Sørensen, M. P.
Published in:
Physical Review A
Link to article, DOI:
10.1103/PhysRevA.99.033614
Publication date:
2019
Document Version
Publisher's PDF, also known as Version of record
Link back to DTU Orbit
Citation (APA):
Abdullaev, F. K., Ögren, M., & Sørensen, M. P. (2019). Collective dynamics of Fermi-Bose mixtures with an
oscillating scattering length. Physical Review A, 99(3), [033614]. https://doi.org/10.1103/PhysRevA.99.033614
PHYSICAL REVIEW A 99, 033614 (2019)
Collective dynamics of Fermi-Bose mixtures with an oscillating scattering length
F. Kh. Abdullaev,1,2 M. Ögren,3,4 and M. P. Sørensen5,*
1Physical-Technical Institute, Uzbek Academy of Sciences, 2-b G. Mavlyanov Street, 100084 Tashkent, Uzbekistan
2CCNH, Universidade Federal do ABC, 09210-170, Santo André, Brazil
3School of Science and Technology, Örebro University, 701 82 Örebro, Sweden
4Nano Science Center, Department of Chemistry, University of Copenhagen, Universitetsparken 5, 2100 København Ø, Denmark
5Department of Applied Mathematics and Computer Science, Technical University of Denmark, 2800 Kongens Lyngby, Denmark
(Received 19 April 2018; published 20 March 2019)
Collective oscillations of superfluid mixtures of ultracold fermionic and bosonic atoms are investigated while
varying the fermion-boson scattering length. We study the dynamics with respect to excited center of mass modes
and breathing modes in the mixture. Parametric resonances are also analyzed when the scattering length varies
periodically in time, by comparing partial differential equation models and ordinary differential equation models
for the dynamics. An application to the recent experiment with fermionic 6Li and bosonic 7Li atoms, which
approximately have the same masses, is discussed.
DOI: 10.1103/PhysRevA.99.033614
I. INTRODUCTION
Fermi-Bose mixtures have attracted much attention lately,
starting with Ref. [1], where the first observation of the
mixture of a Bose-Einstein condensate in a Fermi sea has
been performed. Among the different types of Fermi-Bose
mixtures, particular interest is devoted to a mixture where
both components are superfluids. One important example is
the 6Li-7Li mixture [2,3]. Recently, experimental production
of a mixture of fermionic and bosonic atoms, where both
components are superfluids, has been reported for 6Li-7Li
mixture [4,5]. Other interesting systems are the 40K-41K
mixture with a tunable interaction between species [6–8]
and the mixture of 133Cs and 6Li with broad interspecies
Feshbach resonances [9,10]. Recently, the two-species super-
fluid 6Li-41K and 6Li-176Yb has been experimentally realized
[11,12]. Among the new effects predicted for mixtures of
Bose-Fermi superfluids we mention the existence of vortices
in a rotating quasi-two-dimensional Fermi-Bose mixtures
[13], Faraday waves [14], a prediction of the existence of
super-counter-fluid phase [15], the existence of dark-bright
solitons [16], and the multiple periodic domain formation
[17]. Collective oscillations of the Fermi-Bose mixtures for
different settings has earlier been analyzed in Refs. [18–21].
Dipole modes in the BCS-BEC crossover regime has been an-
alytically considered in Ref. [21]. In Ref. [22] the dipole oscil-
lations of the Fermi-Bose mixture with a large mass imbalance
have been experimentally investigated. It was observed that
when the interspecies interaction strength is varied, the dipole
oscillations frequency shifts and the 41K and 6Li components
display a resonancelike behavior in the upward and downward
(radial and axial) directions.
The aim of the present paper is to investigate the collective
dynamics of the Fermi-Bose mixture when the scattering
*Corresponding author: mpso@dtu.dk
length is varied periodically in time. We start in Sec. II
with a description of the model. To analyze the collective
oscillations we then introduce a variational approach. In
Sec. III we investigate the dynamics for the center of mass
and for breathing modes. There are different possible resonant
regimes depending on what kind of scattering length, which
are varied. In particular, the variation of the fermion-boson
scattering length as, f b will lead to parametric resonance in
the oscillations of the relative distance between the centers
of mass of both superfluids. Also we study the resonance dy-
namics of breathing modes of both superfluids. The numerical
simulations are discussed in Sec. IV. Finally, we conclude
in Sec. V that the resonances should be clear experimental
signals to search for. The details of the variational approach
are described in the Appendix.
II. THE MODEL
The time-dependent model is described by the system of
partial differential equations (PDEs) [14,23],
iψb,t = −ψb,xx + αbx2ψb + gb|ψb|2ψb + g f b|ψ f |2ψb,
iψ f ,t = −ψ f ,xx + α f x2ψ f + κπ2|ψ f |4ψ f + g f b|ψb|2ψ f ,
(1)
where the parameters gb, g f b are proportional to atomic scat-
tering lengths as,b, as, f b, respectively, while αb, α f determines
the harmonic trapping. Furthermore, gb = 2h¯as,bω⊥ is called
the one-dimensional coefficient of mean-field nonlinearity for
bosons, where as,b is the scattering length and ω⊥ is the
perpendicular frequency of the trap. Similarly, g f b is called
the interspecies interaction coefficient [23]. We are interested
in weak Bose-Bose interactions (we consider small positive
gb) and attractive Fermi-Fermi interactions such that the
superfluid Fermi-Bose system is described by the nonlinear
Schrödinger-like Eq. (1) [24–28]. In the BCS weak attractive
coupling limit the fermionic subsystem coefficient is κ = 1/4,
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while in the molecular unitarity limit it is κ = 1/16 [23].
Finally, for the bosonic Tonks-Girardeau limit [29] with the
components ψb (ψ f ) being a weakly (strongly) repulsive
bosonic species we have κ = 1. The system Eq. (1) is written
in dimensionless form using the variables
l⊥ =
√
h¯
mbω⊥
, ψb, f =
√
l⊥b, f , t = τω⊥,
x = X
l⊥
, gn = 2mbl⊥h¯2 Gn,
where Gn (n = b, f b) is the coefficient of the mean-field non-
linearity. We also implicitly assume that mb = m f in Eq. (1).
As mentioned, such a condition is approximately realized in
the 6Li-7Li and 40K-41K mixtures.
Below we will also consider the situation of a sinusoidal
time dependence of the scattering length as, f b. This can be
achieved using the Feshbach resonance technics [30–33].
According to these schemes, we can manipulate the scattering
lengths by varying an external magnetic field in time near the
resonant value [34]. For the Fermi-Bose mean-field nonlinear-
ity in the model Eq. (1) it means that the interaction parameter
will be varied in time as
g f b(t ) = g(0)f b[1 + c f b sin(	 f bt )]. (2)
To analyze collective oscillations of the mixture with the
scattering lengths varying in time, we will employ the vari-
ational approach (VA). According to this method we first
calculate the averaged Lagrangian,
¯L =
∫ ∞
−∞
L(x, t )dx, (3)
where L(x, t ) is the Lagrangian for the system Eq. (1)
L(x, t ) =
∑
n=b, f
[
i
2
(ψnψ∗n,t − c.c.) + |ψn,x|2 + αnx2|ψn|2
]
+gb
2
|ψb|4 + κπ
2
3
|ψ f |6 + g f b|ψb|2|ψ f |2. (4)
For the Bose and Fermi wave functions we employ the Gaus-
sian ansatz
ψn = An exp
(
− (x − ζn)
2
2a2n
)
ei(bn (x−ζn )
2+kn(x−ζn )+φn ), (5)
for n = b, f and where the parameters An, an, bn, kn, ζn, φn
are all real functions of time t . Substituting the ansatz Eq. (5)
into Eq. (4) and performing the average in Eq. (3), we obtain
the following averaged Lagrangian:
¯L(t ) =
∑
n=b, f
{√
πA2n
(
1
2an
+ 2b2na3n + ank2n
+ 1
2
a3nbn,t − anknζn,t + anφn,t
)
+
√
παn
2
A2na
3
n
+√παnA2nanζ 2n
}
+
√
πgb
2
√
2
A4bab +
π5/2κA6f a f
3
√
3
+
√
πg f baba f A2bA2f√
a2b + a2f
e
− (ζb−ζ f )
2
a2b+a2f . (6)
The numbers of atoms corresponding to the Gaussian wave
functions are equal to
Nn =
∫ ∞
−∞
|ψn|2dx =
√
πA2nan, n = b, f . (7)
Variation of the Lagrangian in Eq. (6) with respect to φb
and φ f shows that Nb and Nf are constants. The dynami-
cal equations for the parameters, or collective coordinates,
ξi ∈ {ζn, kn, bn, An, an} with n = b, f can be derived from
the Euler-Lagrange equations for the averaged Lagrangian
Eq. (6), leading to the system of ordinary differential equa-
tions (ODEs):
∂ ¯L
∂ξi
= d
dt
∂ ¯L
∂ξi,t
. (8)
Variation with respect to φn has already been taken care off
leading to a constant Nn.
III. COLLECTIVE DYNAMICS
A. Centers of mass oscillations modes
For the center of mass coordinates (ζb, ζ f ), we obtain from
Eq. (8) the coupled differential equations (see the Appendix
for details):
ζb,tt = −4αbζb + 4g f bNf√
π
(
a2b + a2f
)3/2 (ζb − ζ f )e−
(ζb−ζ f )2
a2b+a2f ,
ζ f ,tt = −4α f ζ f + 4g f bNb√
π
(
a2b + a2f
)3/2 (ζ f − ζb)e−
(ζb−ζ f )2
a2b+a2f .
(9)
We note that for small |ζb − ζ f |  1 the above equations have
the same form as the system Eqs. (4) and (5) considered in
Ref. [4]:
ζb,tt = −	2bζb − Kbζ f ,
ζ f ,tt = −	2f ζ f − Kf ζb, (10)
where
	2b, f = 4αb, f − Kb, f , Kb, f =
4g f bNf ,b√
π
(
a2b + a2f
)3/2 . (11)
1. Total center of mass
The total center of mass (COM) is given by (assuming the
same atomic mass for the two components)
X (t ) =
∫∞
−∞ x(|ψb|2 + |ψ f |2)dx
Nb + Nf , (12)
which, within the Gaussian ansatz Eq. (5), takes the form
X (t ) = Nbζb(t ) + Nf ζ f (t )
Nb + Nf . (13)
Forming the second-order derivative from Eqs. (9) while
keeping the widths ab and a f constant, we obtain Xtt =
−4[αbNbζb(t ) + α f Nf ζ f (t )]/(Nb + Nf ). An interesting limit-
ing case is: αb = α f = α, for which Xtt = −4αX . We can
choose to center the trap n = b, f at position dn that is to
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FIG. 1. Examples of dynamics of center of mass modes (COM)
of the densities from the full PDE model Eq. (1). Colors in use
are: blue (b), red (f), and green (tot). (a) At t = 0 we have moved
the trap for both uncoupled (gf b = 0) components by db = df =
0.05. We find only one frequency (equals to unity in the present
parameters, ω0 = 2√αb = 2√α f = 1) in all of the three signals b,
f , and tot, plotted on top of each other. (b) Coupled system (gf b =
1/2) where only the bosonic trap have been translated (db = 0.05
and df = 0) at t = 0. Using Nb = 103 and Nf = 2 × 102, Eq. (13)
gives the mean position 〈X 〉 
 0.042 for the total COM oscillations,
shown by the dashed horizontal black line in the lower panel, while
the black circles shows the results for the total COM oscillations
from the analytic ODE based model Eq. (14). As indicated by the
beating patterns in (b) we find an additional frequency ω˜n in both
the components b and f , but that cancels for the total density tot
(lower panel) from the numerical PDE solution, in agreement with
Eq. (14). See Fig. 2 for quantitative results. Physical parameters and
the method for determining frequencies are discussed in Sec. IV.
replace αnx2ψn by αn(x − dn)2ψn in Eq. (1) for t  0. In this
case the corresponding wave functions in Eq. (5) are centered
around dn, i.e., we have the time averages 〈ζn〉 = dn. So for
αb = α f = α, Eq. (13) has the form
X (t ) = Nb〈ζb〉 + Nf 〈ζ f 〉
Nb + Nf [1 − cos(2
√
αt )]. (14)
Hence, we note that unlike the COM of the respective
components, the total COM is not effected by the coupling
parameter g f b; see the lower panel of Fig. 1(b). Note that we
use the initial conditions ζn(0) = 0 in Fig. 1, but as the centers
of the traps are displaced from zero this do not imply that the
averages 〈ζn〉, n = b, f , vanish.
2. Relative center of mass coordinate
We define ζ = ζb − ζ f and then, according to Eq. (9)
with ab and a f constant, we have for the case |ζ |  1, with
αb = α f = α and N = Nb + Nf :
ζtt + 4αRζ = 0, (15)
-2 -1 0 1 2
gfb
0.5
1
1.5
FIG. 2. Center of mass frequency for different coupling gf b.
The frequency ω˜n normalized with ω0,n = 2√αn (equal unity with
the parameters in use) is the same for the Bose (b) and Fermi
(f) components, but not present in the total COM; see Eq. (14).
Rings are from simulations of the full PDE model Eq. (1), the solid
(/dashed) curve shows the ODE based approximation Eq. (17) with
the widths af = af 0 and ab = ab0 taken from Eqs. (36) and (37),
respectively. The black squares at gf b = −1/2 corresponds to the
black squares in Fig. 4. Physical parameters and the method for
determining frequencies are discussed in Sec. IV.
where
αR = α − g f bN√
π
(
a2b + a2f
)3/2 . (16)
So for g f b = 0 we have the frequency ω0 = ωtrap = 2√α
(equals unity in the parameters in use here). For g f b = 0 we
have the frequency
ω˜ = 2
√
α − g f bN√
π
(
a2b + a2f
)3/2 . (17)
Due to the definitions Eq. (13) and ζ = ζb − ζ f , we see from
Eq. (17), that the Bose-coordinate ζb and the Fermi-coordinate
ζ f both have the two common frequencies ω0,b, f and ω˜b, f ; see
Figs. 1 and 2.
3. Parametric resonance for the center of mass mode
Note that the oscillations of the relative distance between
centers of the fermionic and bosonic clouds depends on the
fermion-boson scattering length, while the motion of the total
center of mass of the system do not depend on g f b (see above).
Experiments can use this dependence to study the coupling
between the dynamics of bosonic and fermionic superfluids.
In particular, if we consider the periodic modulations in
time for the fermion-boson scattering length g f b according to
Eq. (2), then we obtain for ζ the differential equation
ζtt + ω2ζ [1 − h sin(	 f bt )]ζ = 0, (18)
where
ωζ = 2√αR, h =
g(0)f bNc f b
αR
√
π
(
a2b + a2f
)3/2 , (19)
with αR taken from Eq. (16). This is the well-known Mathieu
equation. Such that when
	 f b = 2ωζ , (20)
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FIG. 3. Parametric resonance for the relative center of mass
modes ζ (t ). Upper panel: Solution to the ODE model, from
Eqs. (18), (19), and (20), i.e., 	 f b = 2.2388, with parameters g(0)f b =
−1/2, c f b = 0.1, and the initial value ζ (0) = 0.005. The widths
af = af 0 and ab = ab0 are taken from Eqs. (36) and (37), respec-
tively. Lower panel: Solution to the PDE model Eq. (1) with sinu-
soidal interspecies coupling Eq. (2), with parameters g(0)f b = −1/2,
c f b = 0.05, 	 f b = 2.1000, and an initial translation of the trap
for the Bose-component such that db = 0.005 (see text). Physical
parameters are discussed in Sec. IV.
we have a first parametric resonance in the oscillations of the
relative distance between the clouds (upper panel of Fig. 3).
The region of instability is the interval −|h|ωζ/2 <  <
|h|ωζ/2, with h from Eq. (19), around the frequency 2ωζ , that
is 	 f b = 2ωζ + . For the full PDE model Eq. (1) parametric
resonances can be found for driving frequences close to the
prediction Eq. (20); see the lower panel of Fig. 3.
4. Different trap frequencies
The frequencies of the normal modes to Eq. (10) are
	21,2 =
	2b + 	2f
2
∓
√(
	2b − 	2f
)2
4
+ KbKf . (21)
An explicit expression is given by
	21,2 = 2(αb + α f ) −
Kb + Kf
2
∓
√
4(αb −α f )2 + 2(αb −α f )(Kf − Kb) + (Kb + Kf )
2
4
.
(22)
In Fig. 4 we compare the prediction for the frequencies 	1,2
from Eq. (22) with simulations of the full PDE model Eq. (1).
The figure shows that the relative deviation between full
numerical solutions and the prediction from Eq. (22) is less
than about 5.4%. This is a good agreement supporting the
validity of our collective coordinate approach in Sec. II.
From Eq. (22) we also have the two important limiting
cases from before for the following parameters:
a. Small |αb − α f |  Kb, f . Then we have from Eq. (22)
the frequencies
	21,2 
 2(αb + α f ) −
Kb + Kf
2
∓ Kb + Kf
2
. (23)
0.7 1 1.3
f / b
0.9
1
1.1
1,
2
FIG. 4. Center of mass frequencies 	1,2 for different traps αb =
α f . Blue (	1, lower rings) and red (	2, upper rings) are from simula-
tions of the full PDE model Eq. (1), the solid curves shows the ODE
based approximation Eq. (22) with the widths af = af 0 and ab = ab0
taken from Eqs. (36) and (37), respectively. The dashed lines show
the Kb, f  |αb − α f | limits of Eq. (25). Since gf b = −1/2 here, the
black squares at αb = α f corresponds to the data points in the black
squares of Fig. 2. The top black square is also the |αb − α f |  Kb, f
limiting result for 	2 of Eq. (24), while 	1 = 1. Physical parameters
and the method for determining frequencies are discussed in Sec. IV.
Hence, we have the two limiting frequencies (α = αb = α f ):
	1 = 2√α and (N = Nb + Nf ):
	2 = 2
√
α − Kb + Kf
4
= 2
√
α − g f bN√
π
(
a2b + a2f
)3/2 = ω˜.
(24)
We note that the above limit agree with the results of
Sec. III A 2, see, e.g., Eq. (17) and Fig. 2.
b. Small Kb, f  |αb − α f |. For which we get from Eq. (22)
the frequencies
	21 
 4αb − Kb,
	22 
 4α f − Kf , (25)
i.e., the frequencies 	b, f from Eq. (11); see Fig. 4.
5. Parametric resonance for the COM with different
trap frequencies
In the case of a time-dependent fermion-boson scattering
length, see Eq. (2), the system Eq. (10) represents two coupled
Mathieu equations:
ζb,tt + 4αbζb = +Kb(t )ζ,
ζ f ,tt + 4α f ζ f = −Kf (t )ζ, (26)
which in the case of αb = α f leads to Eq. (15) in Sec. III A 2.
As is showed in Ref. [35], parametric resonances in os-
cillations are possible at the following driving conditions in
Eq. (26):
	 f b = 2	1; 2	2; | ± 	1 ± 	2|. (27)
See Fig. 5 for two numerical examples.
Let us finally estimate possible experimental parameters.
The parameters for the system 6Li-7Li at the conditions of
the experiment [4] are: the fermion-boson scattering length is
a f b = 40a0; the trap frequencies are ωtrap,b = 2π × 15.2 Hz
and ωtrap, f = 2π × 16.8 Hz; with the transverse frequency
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FIG. 5. Parametric resonance for the relative center of mass
modes ζ (t ) for different traps αb = α f within the ODE model.
Upper panel: Solution to the ODE model, Eq. (26), with the driv-
ing 	 f b = 2	2 = 2.2638, with parameters g(0)f b = −1/2, c f b = 0.1,
αb = 1/4, α f = 1.08αb, and the initial value ζ (0) = 0.005. The
widths af = af 0 and ab = ab0 are taken from Eqs. (36) and (37),
respectively. Lower panel: Solution to the ODE model, Eq. (26), with
the driving 	 f b = 2	2 = 2.2152, with the same parameters as in
the upper panel except that α f = 0.9αb. No qualitative differences
are seen for the αb = α f case compared to Fig. 3, that shows both
ODE and PDE results for the case αb = α f . Physical parameters are
discussed in Sec. IV.
ω⊥ = 550 Hz, such that the transverse length is l⊥ 
 4 μm;
the number of fermionic 6Li-atoms is Nf = 3.5 × 105 and the
number of bosonic 7Li-atoms is Nb = 4 × 104; the widths of
the bosonic and fermionic clouds are ab 
 2.5l⊥ and a f 

10l⊥; the coupling parameter in Eq. (10), for the trapping
parameters αb = 0.001 and α f = 0.0011, are Kb 
 0.002 and
Kf 
 10Kb.
Then we can conclude that the frequency of the bosonic
center of mass is reduced due to the fermi-bose interaction
from 15.3 to 14.4 Hz, while the fermionic is not practically
changed. This agrees with the experimental observation re-
ported in Ref. [4].
The atomic scattering length dependence on the external
magnetic field B in the region of the Feshbach resonance is
a f b = abg
[
1 − 
B0 − B(t )
]
, (28)
where B0 is the Feshbach resonance position,  is the width
of the resonance, and abg is the background atomic scatter-
ing length. For the 6Li-7Li mixture with B0 = 360 G [2,3]
the atomic scattering length a f b can be varied by applying
the external magnetic field varying periodically in the time
near the Feshbach resonance at B0, B(t ) = Bav + B1 sin(	t ),
where Bav is the averaged value of the field.
Then for the frequencies of the parametric resonances in
dimension variables, we find 2	1 = 2π × 31 Hz and 2	2 =
2π × 32.1 Hz.
B. Breathing modes
For the width of the bosonic subsystem we have from
Eq. (8) the equation (see the Appendix for details)
ab,tt = 4
a3b
+
√
2gbNb√
πa2b
− 4αbab − 4Nf g f b dFdab , (29)
where
F = e
− (ζb−ζ f )
2
a2b+a2f√
π
(
a2b + a2f
) .
For the width of the fermionic subsystem we obtain the
equation
a f ,tt = 4
a3f
− 4α f a f +
8πκN2f
3
√
3a3f
− 4Nbg f b dFda f . (30)
The equilibrium values for the widths of bosonic and
fermionic clouds, from here on denoted ab0 and a f 0, are given
by the solutions to the equations
4
a3b
+
√
2gbNb√
πa2b
− 4αbab − 4Nf g f b dFdab = 0,
4
a3f
− 4α f a f +
8πκN2f
3
√
3a3f
− 4Nbg f b dFda f = 0. (31)
We can find the frequencies of breathing modes by a lineariza-
tion of Eqs. (29) and (30) near the fixed point (ab0, a f 0) by the
substitutions ab = ab0 + δab and a f = a f 0 + δa f . From the
equations for δb and δ f we then obtain the following coupled
system of equations:
δab,tt + ω2bδab = −1(t )δa f ,
δa f ,tt + ω2f δa f = −2(t )δab, (32)
where
ω2b =
12
a4b0
(
1 + gbNbab0
3
√
2π
)
+ 4αb + 4Nf g f b d
2F
da2b
∣∣∣∣
ab=ab0
,
ω2f =
12
a4f 0
(
1 + 2πκN
2
f
3
√
3
)
+ 4α f + 4Nbg f b d
2F
da2f
∣∣∣∣
a f =a f 0
,
(33)
and
1 = 4Nf g f b(t ) d
2F
dabda f
∣∣∣∣
ab, f =ab0, f 0
,
2 = 4Nbg f b(t ) d
2F
dabda f
∣∣∣∣
ab, f =ab0, f 0
. (34)
The time dependence in 1,2 comes into play when the in-
terspecies coupling g f b is time-dependent, e.g., according to
Eq. (2). For Eq. (32) we then have that the frequencies of the
normal modes for the coupled bosonic and fermionic systems
are
ω21,2 =
ω2b + ω2f
2
∓
√(
ω2f − ω2b
)2
4
+ 12. (35)
To compare the breathing mode frequencies given by
Eq. (35) against full PDE simulations we study some special
cases.
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1. Breathing modes for uncoupled components (g f b = 0)
First we solve the system Eq. (31), which is now uncou-
pled, and obtain the equilibrium value for the widths of the
fermionic subsystem a f 0 = [(3
√
3 + 2πκN2f )/(3
√
3α f )]1/4.
In particular, we see that the Nf → ∞ limit,
a f 0 →
(
2πκ
3
√
3α f
)1/4√
Nf , (36)
compares with the Thomas-Fermi width [36] except for a
numerical factor [π/(6√3)]1/4 
 0.74.
Now let us obtain an analytic expression also for ab0 by
neglecting the term 4/a3b in the upper line of Eq. (31), which
can be motivated for large values of Nb and/or ab. Then we
have the real positive solution
ab0 =
(
gb
2
√
2παb
Nb
)1/3
, (37)
which compares with the Thomas-Fermi width [36] except for
a numerical factor [2/(9π )]1/6 
 0.64.
Now we take the (simplified) analytic Eqs. (36) and (37)
for the equilibrium widths and insert them into Eq. (33), to
obtain
ω2b =
12
a4b0
(
1 + gbNbab0
3
√
2π
)
+ 4αb 
 4gbNb√
2π
1
a3b0
+ 4αb,
ω2f =
12
a4f 0
(
1 + 2πκN
2
f
3
√
3
)
+ 4α f 

8πκN2f√
3
1
a4f 0
+ 4α f ,
(38)
which gives ω2b = 12αb and ω2f = 16α f . Now with αn =
1
2 mnω
2
trap,n, and mn = 1/2, we finally have
ω2b = 3ω2trap,b, ω2f = 4ω2trap, f . (39)
This agrees with the result in the literature for Thomas-Fermi
based models [37,38], and hence it is an alternative derivation
for the breathing mode frequency of each (uncoupled) com-
ponent.
In Fig. 6(a), we illustrate this case, that was used to check
the accuracy of the numerical procedures.
2. Breathing modes for constant g f b = 0 (not coupled to COM
modes, i.e., ζb = ζ f = 0)
Also for the breathing modes the two same frequencies
occurs in both components when there is a coupling g f b = 0.
Now we have two frequencies ω1,2 that both differs from
the respective uncoupled values given by Eq. (39): ωb =√
3ωtrap,b and ω f = 2ωtrap, f (ωtrap,n = 2√αn both equals unity
in the PDE simulations here); see Fig. 6(b).
We now solve the coupled system Eq. (31) for real pos-
itive roots (numerically) for each value of g f b to obtain the
equilibrium values for the widths of bosonic and fermionic
subsystems. Hence, by doing this we can evaluate Eqs. (33),
(34), and (35) numerically for different values of the coupling
g f b, see Fig. 7, and/or for different trap strengths αb and α f .
6.42
6.52
W
b
 (b)
5520 0
t
10.63
10.73
W
f
 (a)
FIG. 6. Examples of breathing mode dynamics. We plot the RMS
widths of the densities (anticorrelated to the peak density) of the two
components, from the full PDE model Eq. (1). Panel (a) is for the
uncoupled system. Panel (b) is for the coupled system (gf b = 1/2).
The straight lines in (a) show the RMS width of the Thomas-Fermi
profiles [36]. We determined the single frequencies for the RMS
signal in each component in (a) to ωb = 1.732 and ω f = 2.000,
which is in agreement with Eq. (39). As indicated by the beating
patterns in (b), we then have two frequencies for each RMS signal,
the same in both component, which are in agreement with Eq. (35).
See Fig. 7 for quantitative results. Physical parameters and the
method for determining frequencies are discussed in Sec. IV.
3. Parametric resonance of breathing modes
For the periodic modulations in time of the scattering
length as, f b, i.e., with g f b according to Eq. (2), the system
Eq. (32) is two coupled Mathieu-like equations. This system
has been investigated in the work [35]. Applying the results to
our case (with ζb = ζ f = 0) we accordingly expect resonances
in the breathing mode oscillations. The resonances can occur
for a driving frequency 	 f b near twice of the normal modes
eigenfrequencies Eq. (35) (and their subharmonics) 2ωn, and
also close to the combination frequencies
	 f b = | ± ω1 ± ω2|. (40)
For small 1,2  ωb, f we have the following estimates from
Eq. (35):
ω1,2 
 ωb, f
[
1 ∓ 12
2ω2b, f
(
ω2f − ω2b
)
]
,
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FIG. 7. Breathing mode frequencies for different couplings gf b.
The solid (/dashed) curves shows the predictions from the ODE
model, from Eqs. (33), (34), and (35). Rings shows results from
the full PDE simulations. For the PDE calculations the initial state
was chosen as the groundstate for ωtrap,n = 0.995, i.e., by about 1%
lower values of αn compared to the evolution in real time. Physical
parameters and the method for determining frequencies are discussed
in Sec. IV.
such that
ω1 ± ω2 
 (ωb ± ω f )
[
1 ∓ 12
2ωbω f (ωb + ω f )2
]
.
As was shown with a multiscale analysis in the Appendix of
Ref. [14] |ω1 − ω2| is stable. Furthermore, the driving fre-
quency ω1 + ω2 have a higher gain than 2ωn and is therefore
used in the numerical examples of parametric resonance in the
breathing modes presented in Figs. 8 and 9. In the Appendix
of Ref. [14] also the region of instability for ω1 + ω2 was de-
-20
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-20
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-20
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20
0 500 1000t
-20
0
20
(w
n
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w
n
(0)
)/
 
w
TF
,n
FIG. 8. Parametric resonance of breathing modes, i.e., the
change in the normalized RMS widths. Two upper panels (n = b,
blue; n = f , red): Solution to the ODE model, from Eqs. (32)
and (40), with parameters g(0)f b = 1/2, c f b = 0.2, i.e., 	 f b = ω1 +
ω2 = 3.6222, and the initial values δab, f (0) = 0.005. The widths
af = af 0 and ab = ab0 are obtained numerically from Eq. (31). Two
lower panels: Solution to the PDE model Eq. (1) with sinusoidal
interspecies coupling Eq. (2), with parameters g(0)f b = 1/2, c f b = 0.2,
	 f b = 3.6358. An initial increase in the trapping frequencies for
both components was used (see caption of Fig. 7), such that the RMS
widths initially have a change in the order wTF,n 
 0.005wTF,n [36].
Physical parameters are discussed in Sec. IV.
-20
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FIG. 9. Parametric resonance of breathing modes for different
traps αb = α f within the ODE model. Two upper panels (n = b,
blue; n = f , red): Solution to the ODE model for αb = 1/4 and α f =
1.08αb, from Eqs. (32) and (40), with parameters g(0)f b = 1/2, c f b =
0.2, i.e., 	 f b = ω1 + ω2 = 3.6980, and the initial values δab, f (0) =
0.005. The widths af = af 0 and ab = ab0 are obtained numerically
from Eq. (31). Two lower panels (n = b, blue; n = f , red): Solution
to the ODE model according to the same procedure as for the
upper panels but with a weaker trap for the fermions α f = 0.9αb,
i.e., 	 f b = ω1 + ω2 = 3.5232. Physical parameters are discussed in
Sec. IV.
termined. The exponentially increasing widths of the Bose and
Fermi clouds demonstrate the instability of this resonance.
However, for these large deviations of the widths, we cannot
expect good agreement with full numerical simulations as is
evident from the Fig. 8. We note that the oscillations in the
lowest panel in Fig. 8 are unsymmetric with respect to w f (0)
since the full spatial shapes (not presented here) of the clouds
in the PDE simulations behaves quantitatively different at
large amplitudes for fermions and bosons, as we have studied
in detail numerically.
IV. NUMERICAL SIMULATIONS
Possible experimental parameters used for the calculations
presented in the figures are the following: we have illustrated
the BCS regime (κ = 1/4) for Nb = 103 number of bosons
and Nf = 2 × 102 fermions, trapped with the same strength
αb = α f = 1/4 (except for in Figs. 4, 5, and 9); the intracou-
pling parameter in use was gb = g(0)b = 1 (see Sec. II for the
translation to dimensionless variables).
Furthermore, phase separation for the components is here
expected for a coupling in the order of g f b ∼ 1 [39], which we
have confirmed numerically. Therefore, the curves in Figs. 2
and 7 based on the ODE model are dashed from this point on,
and no rings from full PDE simulations are plotted, since we
are not discussing the effect of phase separation here.
ODEs have been solved with Matlab’s built in solver ode45
while PDEs have been solved with XMDS [40] on dense
enough x − t-grids. The groundstates used for the initial con-
ditions of the PDE (1) was calculated using a damped second
033614-7
ABDULLAEV, ÖGREN, AND SØRENSEN PHYSICAL REVIEW A 99, 033614 (2019)
order equation (DFPM) [41], using dynamical constraints [42]
to keep the number of particles constant. Frequences of the
oscillating observables have been obtained using exponential
fitting as described in Ref. [43], which is a development of the
well known ESPRIT [44]. In comparison with experimental
data, additional noise reduction may be necessary in obtaining
the frequencies [45].
V. CONCLUSION
In conclusion we have investigated the collective oscil-
lations of superfluid mixtures of ultra cold fermionic and
bosonic atoms while varying the scattering lengths period-
ically in time. The case of varying the fermion-boson as, f b
scattering lengths are studied with respect to excited center of
mass modes and breathing modes in the mixture. Parametric
resonances in the oscillations are predicted and the properties
are analyzed by comparing PDE and ODE models for the dy-
namics. The resulting oscillations with increasing amplitudes
provides clear experimental signals to search for. A specific
application is to the recent experiment with fermionic 6Li and
bosonic 7Li atoms with oscillating fermion-boson scattering
length, which can be realized using the Feshbach resonance
technic.
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APPENDIX: THE ODE MODEL
Variation with respect to each of the time-dependent pa-
rameters ξb, kb, bb, ξ f , k f , and b f in the averaged Lagrangian
Eq. (6) and invoking the Euler Lagrange Eqs. (8) results in the
dynamical systems
dζb
dt
= 2kb, dabdt = 4abbb,
dkb
dt
= −2αbζb + 2g f b Nf√
π
ζb − ζ f(
a2b + a2f
)3/2 exp
[
− (ζb − ζ f )
2
a2b + a2f
]
,
dζ f
dt
= 2k f , da fdt = 4a f b f ,
dk f
dt
= −2α f ζ f + 2g f b Nb√
π
ζ f − ζb(
a2b + a2f
)3/2 exp
[
− (ζ f − ζb)
2
a2b + a2f
]
. (A1)
These equations are coupled to the equations derived from variation with respect to Ab, ab, A f , and a f . The four final equations
constitute a rather sizable system. The first equation arises from variation with respect to ab and reads
3
2
a2b
dbb
dt
+ dφb
dt
= k2b +
1
2a2b
− 6a2bb2b −
3
2
αba
2
b − αbζ 2b −
gb
2
√
2
Nb√
πab
− g f b Nf√
π
(
a2b + a2f
)−1/2
exp
[
− (ζb − ζ f )
2
a2b + a2f
]
+ g f ba2b
Nf√
π
[
1 − 2 (ζb − ζ f )
2
a2b + a2f
](
a2b + a2f
)−3/2
exp
[
− (ζb − ζ f )
2
a2b + a2f
]
= F1(ξb, kb, ab, bb, ξ f , a f ). (A2)
The second equation is derived by variation with respect to a f and reads
3
2
a2f
db f
dt
+ dφ f
dt
= k2f +
1
2a2f
− 6a2f b2f −
3
2
α f a2f − α f ζ 2f −
κπ
3
√
3
N2f
a2f
− g f b Nb√
π
(
a2b + a2f
)−1/2
exp
[
− (ζb − ζ f )
2
a2b + a2f
]
+ g f ba2f
Nb√
π
[
1 − 2 (ζb − ζ f )
2
a2b + a2f
](
a2b + a2f
)−3/2
exp
[
− (ζb − ζ f )
2
a2b + a2f
]
= F2(ξ f , k f , a f , b f , ξb, ab). (A3)
The third equation is obtained from variation with respect to the Bose amplitude Ab:
a2b
dbb
dt
+ 2dφb
dt
= 2k2b −
1
a2b
− 4a2bb2b − αba2b − 2αbζ 2b −
gb
√
2Nb√
πab
− 2g f b Nf√
π
(
a2b + a2f
)−1/2
exp
[
− (ζb − ζ f )
2
a2b + a2f
]
= F3(ξb, kb, ab, bb, ξ f , a f ). (A4)
The final and fourth equation results from variation with respect to the Fermi amplitude A f :
a2f
db f
dt
+ 2dφ f
dt
= 2k2f −
1
a2f
− 4a2f b2f − α f a2f − 2α f ζ 2f −
2κπN2f√
3a2f
− 2g f b Nb√
π
(
a2b + a2f
)−1/2
exp
(
− (ζb − ζ f )
2
a2b + a2f
)
= F4(ξ f , k f , a f , b f , ξb, ab). (A5)
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For numerical implementation it is convenient to rewrite Eqs. (A2) and (A4) into the form
dbb
dt
= 1
a2b
F1 − 12a2b
F3,
dφb
dt
= −1
2
F1 + 34F3. (A6)
Similarly for Eqs. (A3) and (A5),
db f
dt
= 1
a2f
F2 − 12a2f
F4,
dφ f
dt
= −1
2
F2 + 34F4. (A7)
Note that these two final systems of equations are coupled to the system in Eq. (A1).
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